ON POINTED HOPF ALGEBRAS WITH CLASSICAL WEYL GROUPS 



SHOUCHUAN ZHANG 



Abstract. Many cases of infinite dimensional Nichols algebras of irreducible Yetter- 
Drinfeld modules over classical Weyl groups are found. It is proved that except a few 
cases Nichols algebras of reducible Yetter-Drinfeld modules over classical Weyl groups 
are infinite dimensional. Some finite dimensional Nichols algebras of Yetter-Drinfeld 
modules over classical Weyl groups are given. 



0. Introduction 

This article is to contribute to the classification of finite-dimensional complex pointed 
Hopf algebras with Weyl groups of classical type. Weyl groups are very important in 
the theories of Lie groups, Lie algebras and algebraic groups. The classification of finite 
dimensional pointed Hopf algebra with finite abelian groups has been finished (see |He06l, 
lAS OO] ) . Many cases of infinite dimensional Nichols algebras of irreducible Yetter-Drinfeld 
(YD) modules over symmetric group were discarded in [AFZj . All — 1-type pointed Hopf 
algebras with Weyl groups of exceptional type were found in [ZZWCj and it was showed 
that every non —1-type pointed Hopf algebra is infinite dimensional in [AZ07t IZZWCj . 
It was obtained that every Nichols algebra of reducible YD module over simple group 
and symmetric group is infinite dimensional in [HSj . Hopf subalgebras of co-path Hopf 
algebras was studied in jOZ04] . 

In this paper we discard many cases of infinite dimensional Nichols algebras of irre- 
ducible YD modules over classical Weyl groups by mean of co-path Hopf algebras and the 
results of |AFZj . |HS] said that if Nichols algebra of reducible YD module is finite dimen- 
sional, then their conjugacy classes are square-commutative (see |HS[ Theorem 8.6]). We 
obtain that except a few cases Nichols algebras of reducible YD modules over classical 
Weyl groups are infinite dimensional by applying result of |HS] . We also find some finite 
dimensional Nichols algebras of YD modules over classical Weyl groups. 

The main results in this paper are summarized in the following statements. 

Theorem 1. Let G = A xi Sn be a classical Weyl group with A C (C2)" and n > 2. 
Assume that M = M{0^„p^^'^) © M{0„^,p^^^) © ■ ■ ■ © M{0„^,p^"'^) is a reducible YD 
module over kG . 

(i) Assume that there exist i j such that cji, aj ^ A. //dim^(M) < 00, then n = A, 
the type of ap is 2^ and the sign of ap is stable for any 1 < p < m with ap ^ A. 
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(ii) Ifa, = a := (g^, ^2, ■ ■ • , ^2) G G and p« = 9^,.,, ^« := (x^'^') ® tg: G G» 
wt/i oc^c? z/j /or i = 1, 2, ■ ■ ■ , m, then *B(M) zs finite dimensional. 

Theorem 2. LetO<u <n and Let G = Ax§„. Let a e §„ be of type 2^^ , . . . , n^") 
and p = p' IS) p" E (Sn)^(.) p' G §^ and p" G Sj^^^^T^T^}- Assume that ^{0^,9^(,) p) 
is matched with dim^{0^ ,9^M p) < 00. Let p = ®i<i<nPi with pi := 9^ti p, as in ^2.2^) 
denote p' when a G Sj^ and p" when a G §{;/+i,;y+2,- - ,n}; respectively. Let = Ai — (n — z/) 
when o G Sj^; A'^ = Ai — z/ when o G §{z/+i,!^+2,--- ,n}- T/ien some of the following hold: 

(i) (1^1,2), pi = sgn ore, p2 = X{i;2). 

(ii) (2,ao), do := H ^ id, /i2 = X(i;2), Pj = (X(o,...,0;j)®Pi) t.„''\-i 

l<i<n,l<i IS odd ^ ^i>H0,-fi;3) 

for all odd j > 1. 

(iii) (l^'i, 2^), pi = sgn or t, p2 = X(i,i,i;2) ® e or X(i,i,i;2) ® sgn. 
Furthermore, if X[ > 0, then p2 = X(i,i,i;2) ® sgn. 

(iv) (2^), p2 = X(i,i,i,i,i;2) ® e or X(i,i,i,i,i;2) ® sgn. 

(v) (l^'i,4), pi = sgn or e, p^ = X(2;4)- 

(vi) (1^1,42), pi = sgn or e, /i4 = X(i,i;4) (8) sgn or X(3,3;4) ® sgn. 

(vii) (2,4), p2 = X(i;2) p4 = e or p2 = e and p^ = X{2;4)- 

(viii) (2,42), p2 = e, p4 = X(i,i;4) ® sgn or X(3,3;4) ® sgn. 
(ix) (2^,4), degpa = 1, P4 = X(2;4)- 

Furthermore, ^{O^ ,9^(^) p) is —1-type under the cases above. 

Indeed, Theorem [1] follows Remark 13.81 and Remark 13.1 2[ The proof of Theorem [2] is in 
subsection 13. 1[ 

Preliminaries And Conventions 

Let k be the complex field and G a finite group. Let G denote the set of all isomorphic 
classes of irreducible representations of group G, G" the centralizer of a, Oa or the 
conjugacy class in G, Cj the cycle group with order j, gj a generator of Cj and Xj ^ 
character of Cj with order j. The Weyl groups of A^, Bn, Cn and D„ are called the 
classical Weyl groups. Let p |§ denote the induced representation of p as in [SaOlj . 

A quiver Q = {Qo, Qi, s, t) is an oriented graph, where Qo and Qi are the sets of vertices 
and arrows, respectively; a and t are two maps from Qi to Qo- For any arrow a G Qi, 
s{a) and t{a) are called its start vertex and end vertex, respectively, and a is called an 
arrow from s{a) to t{a). For any n > 0, an n-path or a path of length n in the quiver Q is 
an ordered sequence of arrows p = a„a„_i ■ ■ ■ ai with t{ai) = s(aj+i) for all 1 < i < n — 1. 
Note that a 0-path is exactly a vertex and a 1-path is exactly an arrow. In this case, we 
define s{p) = s(ai), the start vertex of p, and t{p) = t(a„), the end vertex of p. For a 
0-path X, we have s{x) = t{x) = x. Let Q„ be the set of n-paths. Let ^Q^ denote the set 
of all n-paths from x to y, x,y E Qq. That is, ^Q^ = {p ^ Qn \ s{p) = x, t{p) = y}. 
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A quiver Q is finite if Qo and Qi are finite sets. A quiver Q is locally finite if is a 
finite set for any x,y G Qo- 

Let G be a group. Let /C(G) denote the set of conjugate classes in G. A formal sum 
r = ^c&K{G) ^cC of conjugate classes of G with cardinal number coefficients is called a 
ramification (or ramification data ) of G, i.e. for any G G /C(G), rc is a cardinal number. 
In particular, a formal sum r = J2c&k(G) ''^cC of conjugate classes of G with non-negative 
integer coefficients is a ramification of G. 

For any ramification r and a C G /C(G), since rc is a cardinal number, we can choice 
a set /cl'") such that its cardinal number is rc without loss of generality. Let lCr{G) := 
{G G /C(G) I rc ^ 0} = {C G /C(G) | Jc(r) ^ 0}. If there exists a ramification r of G such 
that the cardinal number of ^Qf is equal to rc for any x,y E G with a;~^?/ G G G /C(G), 
then Q is called a i/oj>/ quiver with respect to the ramification data r. In this case, there 
is a bijection from Ici'f') to ^Qf, and hence we write ^Qf = {ay^x \ i G /c(r)} for any 
x,y e G with x"^?/ G G G /C(G). 

deg p denotes the dimension of the representation space V for a representation {V,p). 

Recall the notation RSR in |ZCZ^ Def. 1.1]. Let pc be a representation of G'*^*"^ 
with irreducible decomposition p = ®ieic{r,u)Pc' , where Ic{r,u) is an index set. Let 
y denote {pc}ceJCr{G) = {{pc}i&ic{r,u)}ceK:r{G)- {G,r,^,u) is called an RSR when 
deg(pc') = for any G G ICr{G), written as RSR(G, r, 7?, ^i)- For any RSR{G,r,~p ,u), 
we obtain a co-path Hopf algebra kQ^{G, r, ~p,u), a Hopf algebra fcGffcQ^, G, r, 7?, H 
one type, a fcG-YD module {kQ\, ad{G,r,~p ,u)) and a Nicolas algebra Q3(G, r, 7?^, u) := 
^{kQ\,ad{G,r,~p,u)) (see [ZUZ] ). 

If ramification r = r^G and | Ic{r, u)\= 1 then we say that RSR(G, r, "p', u) is of bi-one 
since r only has one conjugacy class G and | Ic{r,u) \= 1. Furthermore, if let cr = u{G), 
G = Oct, rc = m and Pc^ = p for i G /c('^, w), then bi-one RSR(G, r, 7?, m) is denoted by 
RSR(G, mC^, p) ( or RSR(G, O,, p)), in short. 

RSR(G, r, ~p, u) is called to be — 1-type, if u{G) is real (i.e. u{G)^^ G G) and the order 
of u{G) is even with p^^(u{G)) = —id for any G G Kr{G) and any i G Ic{r,u). In this 
case, the Nichols algebra Q3(G, r, 7?;'") is called to be —1-type. 

For s G G and {p,V) G G^, here is a precise description of the YD module M{Os,p), 
introduced in |GrOOl IAZ07j . Let ti = s, . . . , tm he a numeration of Os, which is a 
conjugacy class containing s, and let gi E G such that Qi > s := QiSg^^ = ti for all 
I <i <m. Then M(0^,p) = ®i<i<mgi ® 't^- Let giV := g,, v e M{Os,p), 1 < i < m, 
V E V. U V E V and 1 < i < m, then the action of /i G G and the coaction are given by 

(0.1) 6{giv) = ti(g) giV, h ■ {giv) = gj{j ■ v), 

where hgi = gj-y, for some I < j <m and 7 G G*. Let *B(Cs,p) denote *B(M((9s,p)). By 
|ZZWCt Lemma 1.1], there exists a bi-one arrow Nichols algebra ^(G, r, ~p,u) such that 
QS((!?s, p) — 53(G, r, 7?, m) as graded braided Hopf algebras in ^cV-D. 
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If D is a subgroup of G and C is a congugacy class of D, then Cq denotes the conjugacy 
class of G containing C. 

1. G = Ay^ D 

In this section we give the relation between Nichols algebras over group A xi D and 
group D. 

Let G = A xi D he a. semidirect product of abelian group A and group D. For any 
X & A, let := {h ^ D \ h ■ X = x}] •= ^ ^ D^. For an irreducible representation 
p of D^, let 9^^p := {x ® p) Tg^' induced representation of x ® P on G. By [Sel 
Pro. 25], every irreducible representation of G is of the following form: 6^^p. Let e G A 
with e(a) = 1 for any a & A. Thus = D and ^^^p is an irreducible representation of G. 

Lemma 1.1. Let G = A x D and a e D. Then G" = A" x D" . 

Proof. If X = (a, d) G G"^, then xa = ax. Thus 

(1.1) a = a-a and da = ad. 

This implies d G -D'^ and a G since a ■ a = aao"^^. 

Conversely, if x = (a, c?) G x then (11. II) holds. This implies xa = ax and x G G'^ . 

□ 

Lemma 1.2. Lei D be a subgroup of G with a E D and let right coset decompositions 
of D'' in D be 

(1.2) D=[j D'^ge. 

Then there exists a set G' with O C B' such that 

(1.3) G=\J G-ge 

is a right coset decompositions of in G. 

Proof. For any h,g E D, It is clear that hg^^ G D'^ if and only if hg^^ G G"^, which 
prove the claim. □ 

Lemma 1.3. If kQ'^(G,r,~p ,u) is a co-path Hop f algebra (see \ZZC\ IZCZ] ). then kG + 
kQi = ikG[kQl])i, where kG[kQi] := kG[kQl,G,r,~p,u] and (kGlkQlDi denotes the 
second term of the coradical filtration of kG[kQ1]. 



Proof. By jZCZl Lemma 2.2], R := diag{kG[kQl]) is a Nichols algebra. |AS98[ Lemma 
2.5] yields that kGlkQl] is coradically graded. □ 
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Definition 1.4. Let D be a subgroup of G; r and r' ramifications of D and G, respec- 
tively. If Tc < r'(j^ for any G G lCr{D), then r is called a subramification of r' , written as 
r < r' . Furthermore, if u{G) = u'{Gg), Ic{i^,u) C Icfj[r',u') and p[^^ is isomorphic to a 
subrepresentation of the restriction of p'^^j^ on D^^^'^ for any G G ICr{D), i G /c(^7 u), then 
RSR{D,r,~p ,u) is called a sub-RSR o/RSR(G,r', p' ,u'), written as RSR{D,r,~p ,u) < 
RSR(G,r',7,M')- 

Lemma 1.5. Let D be a subgroup ofG. If a G D, then RSR{D, p) < RSR(G, O^, p') 
if and only if p is isomorphic to subrepresentation of the restriction of p' on D'^ . 

Proof. It follows from Definition ll.4[ □ 

Proposition 1.6. Let D be a subgroup ofG. IfRSR{D,r,~p,u) < RSR(G, r', p' ,u'), 
then 

(i) kQ^(D, r, ~p, u) is a Hopf subalgebra kQ"^(G, r', p' , u') . 

(ii) kD[kQ'^, D,r,~p ,u] is a Hopf subalgebra kG[kQ'^,G,r' , p' ,u']. 

(iii) If^{G, r', p' , u') is finite dimensional with finite group G then so is ^(-D, r, ~p, u). 

Proof, (i) For any G G ICr{D) and i G Ic{r,u), let X^^ be a representation space of 
p^^} with a basis | j G Jc{i)} ^-nd ^'^^ a representation space of p'^^ with a basis 

{x'q'^^ I j ^ Jcai"^)} ^^'^ Jc{i) ^ Jcai^)- "^(j is ^ /cD"*^'"-' -module monomorphism from 
X« to X'g with xif = 4\x'^''^) for ^ G Ic{r,u), j G Jc{^)■ 

Let be an inclusion map from kD to kG and ip is a map from kQl{D,r,~p ,u) to 
kQ[^{G,r', p' ,u') by sending ay]i'' to a'y'i^ for any y,x e D, i e Ic{r,u), j G Jc(^) 
with x~^y G C G }Cr{D). Now we show that ip is a /cD-bimodule homomorphism from 
kQl to (f,{kQ['^) and a /cG-bicomodule homomorphism from '^{kQD'f' to kQ['^. We only 
show this about right modules since the others are similar. For any h ^ D, G ^ }Cr{D), 
i G Ic{r,u), j G Jc{i), x,y e D with x~^y = gg^u{G)g0 and geh = Ce{h)g0>, ^{h) G 
6,6' G ©c C Qcg (see Lemma O]), see 

i^io^;^ -h) = fc2r^«£l) (by Pro.1.2]) 

E,(i,j,s) ,(i,s) 
I^Ch " yh,xh '^'^^^ 

= E (by [ZCa Pro.L2]), 

seJcg («) 

where 4'^^ ■ 0(/^) = E...e(.) ^Sr^^'^ ^'[Jf " Uh) = E...,^(.) ■ Since 

— Vc \ 2-^ '^C,h -^C ) ~ 2-^ '^C,h Co ' 
seJc{i) seJcii) 
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which imphes ip{ay'x ■ h) = ip{ay'x) ■ h. 

By |ZZCl Lemma 1.5], TI:Q{(f)iTo,tp7ii) := ^ttq + Zl„>o is a graded Hopf 

algebra map from T^j^{kQ\) to T^^W^"). By Lemma [Ol {T^D{kQl))i = kD + kQ\. 
Since the restriction of T^(^(07ro, tpni) on {TI:j^{kQ\))i is 4> + ip, we have that T^(^(07ro, ^/'tti) 
is injective by |Mo93t Theorem 5.3.1]. 

(ii) It follows from Part (i). 

(iii) . By [ZCZl Lemma 2.1] kD[kQ\ D, r, m] = ?B(D, r, ~p, u)i^kD and kGlkQ"", G, r', 
p' ,u'] = *B(G', r', p' ,u')i^kG. Applying Part (ii) we complete the proof. □ 

The relation " < " has the transitivity, i.e. 

Lemma 1.7. Assume that G is a subgroup of G' and G' is a subgroup of G" . If 
RSR(G,r,y,M) < RSR(G",r',7,M') and RSR(G", r', 7, < RSR(G"', r", then 
RSR(G, r, ~p, u) < RSR(G", r, u") . 

Proof. Obviously, G is a subgroup of G" and r < r" . For any G G ICr{G) and 
2 G /c;(r,M), then u{G) = u'{Gg') = u"{Gg"). Let s = u{G) and let X'JJJ^, and 

"^"cq// representation spaces of p[^\ p'cJg' ^'^'^ p"c'g"' ^^spectively. Let {xj^\p^^^) 
be isomorphic to a subrepresentation (X, p'^|^^ 1^=) of , p'[5|^^ \g^)- Considering 

(X'^l^^ , p'^l^ J is isomorphic to a subrepresentation of (X"^|^^^ , p"[^^^^ Ic"), we have that 
{N,p'^^^^ Ig-s) is isomorphic to a subrepresentation of (X"[^|^^^ , p"^|^^^ l^s). Consequently, 
(X^^p^'') is isomorphic to a subrepresentation of {X"^^^^^, p"^^^^^ D 

Lemma 1.8. Let N be a subgroup of G and (X, p) be an irreducible representation of 
N" with a E N . If the induced representation p' := p is an irreducible representation 
ofG% then RSR(X,0,,p) < RSR(G, C,,, p t^".)- 

Proof. Since (X, p) = (X ^kN" ^,p' \kN'^) by sending x to a; ® 1 for any a; G X, the 
claim holds. □ 

Proposition 1.9. Let G = A y\ D with a e D, x ^ A.'', G^ = A >i D^, p & and 

^x,p ■= ix ® p) T§ • Then 

(i) RSR(G'^, a, X®P)< RSR{G, a, 0x,p) 

(ii) RSR(G';^, Oa, X® p) —l-type if and only ifRSR{G, O^, O^^p) is —1-type. 

(iii) RSR(D;„C,,p) < RSR(G',C»^,^;,,p). 

(iv) RSR{Dy,,Oo-, p) is —1-type if and only z/ RSR(G, Co-, ^x.p) ^■^ —1-type. 
Proof, (i) It follows from Lemma 11.81 

(ii) Let P and X be representation spaces of x and p, respectively. Then (P ^ X) ^kc^ 
kG'^ is a representation space of p' := 6^^p. If p{a) = —id, then for any g G G'^ , x G X, 
p e P, we have {{p x) ^kc^ g) ■ a = {{p® x) ■ a) ®kG<^ 9 = —{p ® x) ^fccj 9- Therefore 
p'(cr) = —id. Conversely, if p'(cr) = —id, then ((p x) ®kG^ 1) ■ a = {{p®x) ■ a) (8>a:Gj 1 = 
— {p®x) ®kG<^ 1. Therefore {p ® x) ■ a = —p ® x for any x G X. 
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(iii) By (i), it is enough to show RSR(L';^, C^, p) < RSR(Gx, 0„,x<S)p). Let P and X 
be the representation spaces of x and p on A'' and V^, respectively. Thus (P (g) X, x (g) p) 
is an irreducible representation of := A'^ xi [D'^)^. Considering Definition 11.41 we only 
need to show that p is isomorphic to a submodule of the restriction of x ® P on D'^. Fix 
a nonzero p & P and define a map ip from X to P ® X by sending x to p a; for any 
X G X. It is clear that ip is a fcD^-module isomorphism. 

(iv) Considering Part (ii), we only show that RSR(D^, Oa,p) is — 1-type if and only if 
RSR(G^, Oa,x® p) is —1-type. Since xpi^^) = X(x®p)('^); the claim holds. □ 

If = D, then it follows from the proposition above that RSR(D, 0„, p) < RSR(G, Oa, 
6x,p)- Therefore we have 

Corollary 1.10. Let G = A yi D. If r < r' and p'fi = 6 w w with D w = D, 

X^ll e A^l u{C) = u'{Cg) and Ic{r,u) C Ica{r',u') for any i e Ic{r,u), C G Kr{D), 
then RSR(D,r, ~p,u) < RSR(G', r', p' ,u'). Furthermore, if Ic{r,u) = Iccir' ,u') for any 
C G fCr{D) and lCr'{G) = {Cq \ C G K,r{D)}, then RSR(D, r, 7?, m) is —1-type if and 
only z/RSR(G', r', p' ,u') is —1-type. 

Lemma 1.11. Let G = Gi x G2- If o- = (0-1,0-2) £ G with pi G G^^ and p2 G G'^'^, 
then 

(i) G" = Glx Gl; Gl = G^' and Gl = G^^ 

(ii) = O^^ X O'^^ , where O'^ denotes the conjugacy class containing a of G. 

(iii) RSR(Gi,a,,pi) < RSR(G',ai,Pi ® P2) when a2 = 1; RSR(G2, P2) < 
RSR(G', Co-2,pi ® P2) when ai = 1. 

Proof, (i) It is clear G^ = G^^ and = Gg'- For any x = {a, h) G then xa = ax, 
which implies that aai = aia and ho'2 = 0-2/1. Thus x E Gi x G2 and G'^ C G1 x 
Similarly, we have Gl x G^ CG". 

(ii) It is clear. 

(iii) We only show the first claim. It is clear that pi is isomorphic to a subrepresentation 
of the restriction of pi p2 on the G^^ . Indeed, assume that X and Y are the represen- 
tation spaces of pi and p2, respectively. Obviously, G^^-module (X, pi) is isomorphic to 
a submodule of the restriction of pi p2 on G^^ under isomorphism ip form X to X (g yo 
by sending x to x ^ yo for any a; G X, where yo is a non-zero fixed element in F. □ 

Lemma 1.12. Let G = Gi x G2 and a = (ai, 0-2) G G with pi G G^^ and p2 G ^2^. 

(i) 1/0^2 = 1, then RSR(G, Og-i , Pi ® P2) is —1-type if and only RSR(Gi, Oq-^, pi) is 

— 1-type. 

(ii) If (Ti = 1, then RSR(G, Oo-j , pi ® P2) is —1-type if and only if RSR{G2, 0^2, P2) is 

— 1-type. 

Proof, (i) Considering Xpi(»p2('^i) = Xpi('^i)deg(p2), we can complete the proof, 
(ii) It is similar. □ 
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Lemma 1.13. O^^p is a one dimensional representation of G" = A" yi D'^ if and only 
if = D'^ and degp = 1 

Proof. Let P and X be the representation spaces of x and p on A'' and D^, respectively. 
((P® X) ®fcGj kG" , Ox,p) ^ '^^^ dimensional representation of G"" = A'^ xi D" if and only 
if kG" = kGZ and dimX = L However. kG"" = kGZ if and only ii DZ = D'' . □ 

A, A A 

Consequently, Oy^^p = x® P when 6-^^p is one dimensional representation. 

2. Symmetric group S„ 

In this section we study the Nichols algebras over symmetric groups. 

Without specification, a G §„ is always of type 1^^2^'^ ■ ■ ■ n^^ . gj denotes the gen- 
erator of cycle group Gj with order j for natural number j. We keep on the work 
in |Su78i Page 295-299 ]. Let rj := Y.i<k<j^i^^k and (Xj := ni<z<A, (z/r.+a-ib+i, 

yrj+{i~i)j+2, ■ ■ ■ , Vrj+ij^, the multiplication of cycles of length j in the independent 
cycle decomposition of a, as well as Yj := {i/s \ s = rj + 1, ■ ■ ■ , rj+i}. Therefore a = CTj 
and {SnY = IKSyJ"' = Ti x ■ ■ ■ x T„. It follows from jXFZl subsection 2.2] that Tj 
is generated by Aij, Ax^j, Bij, Pa.-ij, where A^i = (yi), Ax,,i = (?/Ai), 
^1,2 = (l/Ai+i l/Ai+2),---, ^A2,2 = (1/A1+2A2-1 I/A1+2A2), and so on. More precisely, if 
1 < j < n, then 

A,j '■= {yr,+{l-l)j+l, yr^ + {l-l)j+2, ■ ■ Vr.+lj 



yrj+{h-l)j+l, Vrj+hj+l, j [yrj + {h-l)j+2, l/rj+/ij+2 j " " " I 2/rj+/ij, 1/rj + j , 



I 



for all /, h, with 1 < / < A^, 1 < /i < A^- - L Notice that <f{Aij) = ( (1, ■ ■ ■ , ^ 

, 1 • • • , 1), 1) and Lp{Bhj) = (l, (/i, /i + 1)), where is an isomorphism from G"^^ to 

(Q)^^ x §A,, defined in the proof of |ZWW[ Pro. 2.10 ] (also see the below (O)). Fur- 
thermore, if Uj>il^ C X C {1, 2, ■ ■ ■ , n}, then a is said to be in Sx- 

Lemma 2.1. // a G §„ is the multiplication of m independent cycles with the same 
length I, i.e. a is of type , then 

(i) v^(cr) = {{g\~^ , g\~^ , ■ ■ ■ ,g\~^),{l)), where Lp is the isomorphism from io 
(G)'^x defined m the proof of |ZWWl Pro. 2.10 ]. 

(ii) e^^p{^{a)) = xiigt^at^r-- ,9t^)) id for any p G and x e (G)'", where 
G = (Q)™x G^ = (Q)™x {SJ^ and O^^p = {x®p) Tg, • 



Proof, (i) Assume that 

a = (dioOii • • • ai,j-i)(a2o ■ • • 0,2,1-1) ■ ■ ■ (omo ■ • • 0^,1-1). 
By |ZWWl Pro. 2.14 ] or [Su78] . 
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where the map ip is the same as in the proof of [ZWWj Pro. 2.10 ]. Indeed, here is precise 
definition of isomorphism yj. For any element r of i^nY ■, we will define 9{t) G and 
/. G {CiT by 

where gi is the generator of C;, 1 < i < m. Let 

(2.1) V^(r) = (/.,0(r)). 

Since a{aij_i) = ai^o, we have (^{a) = (/^, 9(a)) with = {gl~^, g\~^ , ■ ■ ■ , gl~^) e (Q)™ 
and e{a) = (1) G 

(ii) Let P and X be representation spaces of x and p, respectively. For any 7^ j9 G P 
and 7^ X G X, see 

((p® x) OfcG;, 1) ■ V5(o-) = Hp (S) x) ■ (p{a)) (g)kG^ 1 

= X{{9'r\9t\--- ,9l'')){ip(»x)(E)kG,l) (by Part (i)). 

Since ficr) is in the center of x Sm and 9^ p is irreducible, we have that Part (ii) holds. 
□ 

Obviously, every element in (C;)*" can be denoted by XiHiMu--- ,tmi\i) '■— xl^'' ® xl^'' ® 
■ ■ ■ for < tj^i < I — 1. For convenience, we denote XihiMi,- ,tmi;i) by X* when it 
does not cause mistake. 

Lemma 2.2. (i) Every irreducible representation of'B'^ = Y[i<i<n'^Yi ^■^ isomorphic to 
one of the following list: 

(2.2) ®i<i<„ (9^t, p^(pi), 

where pi G (§y.)jj,tj and ipi is the isomorphism from §y| to (Ci)^^ x S^i '^s in ^2.1\) . 
(ii) Lei x denote the character of 0i<i<n{9y^*-i ^.tpi) . Then 

(2.3) x(^) = n ( n X.(^7.)(^-'^*^'0deg(^^s,,¥.,). 

l<i<n. l<j<Xi 

Proof, (i) By [ZWWl Pro. 2.10], = ni<.<„S?.: Ul<^<niC^)'^ x ^a,- It follows 
from [Se, Pro. 25] that every irreducible representation of (Cj)'^' x Sa^ is isomorphic to 
9^U p^. This completes our proof. 

(ii) It follows from (i) and Lemma 12. 1[ □ 

Definition 2.3. 

(2.4) «.,:= E *f + \ 

l<k<n,l<j<\k 

is called the distinguished element of the representation ( li^.i^) or RSR(§„, ®i<i<n(^x*spi'^« 
where < tj^^ < k — 1. 
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Lemma 2.4. Let x denote the character of {®i<k<n{dx^t^ ,pkVk)) ■ Then C,t,a is an integer 
if and only zf xicr) = -deg(x). 

27ri . 

Proof. Let uuj := e , where i := y' — l and e is the Euler's constant. For any k with 
Afc 7^ 0, since {k,k — 1) = 1, there exists with (a^^k) = 1 such that dj^*'-'^""'^'' = u;^. 
Choice Xk such that XkiOk) = formula (12. 3p . we have 



(2.5) x(c^) = e('"')^i^'=^-i^^^^fe^deg(®i<,<„(^^^t.,^^^,)). 

Using the formula we complete the proof. □ 
Consequently, we have 

Proposition 2.5. The distinguished element C,t, a of the representation ®i<i<n{d^t, ^p.ipi) , 
as in h2.^) is an integer and the order of a is even if and only if^{, O^", ®i<i<n{,d^ti p.Lpi)) 
is —1-type. 

Lemma 2.6. If x ^ (Ci)^, then (Sm)x = ^/ ^'^'^ only if X = x\ ® x\ ® " ' ® x\ for 
some < t < / — 1. 

Proof. Note that acts {d)'^ as follows: For any a G C]^ with a = {gi\ gf^ ■ • ■ , ^f") 
and h G §m, 

(2.6) /^■a=(^;^^<^^?^^'^■■■,^,^^<-')• 

Let X = with < ti < I — 1. If (Sm)x = ^-m and there exist i j such that ti ^ tj. 

Set a = {g1\gi'', ■ ■ ■ , ^ff"") G with = 1 and = when s ^ i; h = {i,j) G S^. See 

ih-x)ia) = xih-'-a) = xigT''' , qT'^' , ■ ■ ■ , 9?'^' ) 

and xlo-) = Xi{9iY' ■ This implies x 7^ {h ' x)- We get a contradiction. Conversely, it is 
clear. □ 

Proposition 2.7. Every one dimensional representation ofS"^ is of the following form: 

(2.7) (S)l<i<n (X(t,,- ® Pi)V5i, 

where 1 < tj < i — 1 one? pj zs a one dimensional representation for any 1 < i < n. 

Proof. By Lemma 12. 2[ every irreducible representation of is of form as (12.21) . 
If (12.21) is one dimensional, then it follows from Lemma 11.131 that (S>i<j<ri(^x*'.Pi'^«) ~ 
®i<i<n(x*' ® Pi)Vi and (§aJx*> = Sa,. By LemmaEH x*" = xl'^xl'®- ■ -^xl' = X(t,,- ,u;i) 
for some < tj < z — 1. □ 

Note that every one dimensional representation of Sm is X2 or e. Therefore every one 
dimensional representation of can be denoted by ^i<i<n{X{u,--- ,ti;i) ® X2) short, 
where (5j = 1 or 0. 
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Consequently, the distinguished element of one dimensional representation (12.71) be- 
comes 

(2.8) et,. = + l 0<t, <A;-1. 

l<k<n 



For any fi = ®i<i<n{0 ^p^'{>i) G as Lemma [2^ let /ij := O^u^p.^pi be a representation 
of Sy. and /i = H We often omit ipi. 

Proposition 2.8. Let a G §„ &e of type {1^^, 2^^, ... ,71^") and fi = ®i<i<nlJ'i with 
Hi := (O^ti p^ifi) as in l[2.^) . Then ?B(0^",/i) is —1-type in the following cases. 

(i) (l'^',2), /ii = sgn ore, /i2 = X(i;2). 

(ii) (2,0-0), (To := n (^i^id, fi2 = Xil;2), f^j = {X(0,...fi;j)®p3) 

l<i<n,l<i IS odd ^^^j)H0,...,0;J) 

for all odd j > 1. 

(iii) (1^1, 2^), /ii = sgn or e, fi2 = X(i,i,i;2) ® e or X(i,i,i;2) ® sgn. 
Furthermore, if \i > 0, then jj,2 = X(i,i,i;2) ® sgn. 

(iv) (2^), /i2 = X(i,i,i,i,i;2) ®t or X(i,i,i,i,i;2) ® sgn- 

(v) (1^1,4), /ii = sgn ore, /i4 = X(2;4)- 

(vi) {l^\4?), /ii = sgn or e, /i4 = X(i,i;4) ® sgn or X(3,3;4) ® sgn. 

(vii) (2,4), ^2 = X(i;2) o?^^^ = e or fi2 = e and fi^ = X(2;4)- 

(viii) (2,42), /i2 = e, /i4 = X(i,i;4) ® sgn or X(3,3;4) ® sgn. 

(ix) (2^,4), deg/i2 = 1, /i4 = X(2;4)- 

Proof. It is sufficient to show that their distinguished element C,t,a, defined in Definition 
12.31 is an integer by Lemma [2. 4[ 

(i) et,. = i + i = 1- 

(ii) et,<x = 1 + 1 = 1. 
(in) et,. = I + i = 2. 

(iv) et,. = 1 + 1 = 3. 

(v) ^t,. = | + i = l. 

(vi) et,. = i + i + i = 1 or et,. = I + I + i = 2. 
(vn) et,a = I + i = 1 or et,. = 1 + 1 = 1- 

(vni) et,. = I + I = 1 or ^t,. = 1 + 1 = 2. 

(ix) Assume /i2 = X{t,t;2) ® P2- Thus ^^,,7 = f + | + | = 1 + ^• 

We only show this for case (vi) since others is similar. Therefore the distinguished 
element ^t.o- is an integer. □ 

In fact, it follows from [AFZl Theorem 1] that if dim^O^",//) < 00 then some of the 
case (i)-(ix) in proposition above hold. 
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3. The classical Weyl groups 

By jCa72] . (C2)" x Sn is isomorphic to the Weyl groups of Bn and C„ with n > 2. 
Obviously, when A = {a G (C2)" | a = {92', gT, " " " ,92") with all = 0}, A x is 
isomorphic to the Weyl groups of A^-i with n > 1. The Weyl group W{Dn) of D„ is a 
subgroup of W{Bn), Weyl groups of 5„. Without specification, A C {€2)'^, §„ ■ A C A 
and G = y4 X with a G §„. Note that S„ acts A as follows: for any a G A with 

= (fl'^' 5'2^ ■ ■ ■ 5 5'2") ^^'i ^ ^ define 

(3.1) /^■a:=(^^^«,^^^^^...,^,^^<"0• 

Let G = A >i §„. (a, cr) G G is called a sign cycle if cr = {ii,i2, ■ ■ ■ ,ir) is cycle and 
a = {g2^, ■ • • , (^2") with = for i ^ {ii, i2,--- , v}- A sign cycle (a, a) is called positive 
( or negative ) if Yl^=i even (or odd), (a, cr) = {a'^^\ cri)(a*^^\ (12) ■ ■ ■ (o*-'''', CTr) is called 
an independent sign cycle decomposition of (a, a) if a = cricr2 ■ ■ ■ cr,. is an independent 
cycle decomposition of a in S„ and (a'^^^cTj) is a sign cycle for 1 < z < r. Furthermore, 
(a, cr) G A X S„ is called positive ( or negative ) if Yll=i even (or odd). The type of 
cr is said to be the type of (a, a). 

3.1. Match. 

Lemma 3.1. Let x*-*^-* denote the one dimensional representation (®j=iX2) ® (®"=i/+ie) 

u n—u 

=X2 ®---®X2 ® e®---®e of A C (^2)" /or z/ = 0, 1, ■ ■ ■ , n. T/ien {x^''^ | = 
0, 1, ■ ■ ■ ,j} be a system of the representatives for the orbits o/Sn on A, where j = 0, n—1, n 
when A xi Sn is isomorphic to the Weyl groups of An_i, Dn, and Bn, respectively. Fur- 
thermore, (§„)^M = {o- G §„ I 1 < a{i) < V when \<i<v}= §{1,2,- ,1/} x S{!.+i,;.+2,- - ,n} 
for = 0, 1, ■ ■ ■ , ra. 

Lemma 3.2. Let \ <v<n — \,o^ Then 

(i) ((Sn),M)'^^= ((S„r),,.,; 

(ii) ((§„)^m)'' = S^i,2,...,^} X §{i+i.,2+^,...,n} '"'^en a G (§„)x(.). 

(iii) Ifx^""^ e i/ien a G (§n)xC^)- 

Proof, (i) It is clear, (ii) It follows from Lemma [1.111 (iii) Since x^""^ e A'', (a-x^''^)(a) 
= x^''^{p~^ci(y)= X^'^Ka) for any a G A"" . Therefore a ■ x^"^ = X^^K i-e. (t G (§„)^(.). □ 

Definition 3.3. Let G = A y< §„. IfaeS^ or a e §{^+1,... ,„}, i/ien RSR(G', O^, 0^(.)_^) 
is called to be matched and the distinguished element of RSR(Su,Oa, p) (when cr G S^) 
or RSR(§{,^4_i_... , Oo-,p) (when cr g is called the distinguished element of 

RSR(G, Oct, ^x p)' 

Lemma 3.4. Lei D be a subgroup of group G and {X,p) a representation of D. If ip 
is a group isomorphism from G to G' , then p {{p'ip~^) Tl(m)V'- 
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Proof, let left coset decompositions of D in G be D = ljr=i^«-^- Then ip{D) = 
[Ji^i 4'{ti)ilj{D) is a left coset decompositions of ip{D) in G'. For any g E D , hj [SaOH 
Definition 1.12.2], (p rg)(^7) = ipit-'gt,))nxn and ((p^-^) Tjg5)^(^?) = {p{t7'gt,))n>cn. 

Thus p Tg= ((p^-^) Tj;;?))'^. □ 

Lemma 3.5. Let G := A x §„. // cr G anc? ^;^^p G ^/ien there exist a nat- 
ural number u, < u < n, a' E Sn and p' G (S„)^(^) such that RSR(G, O^, O^^p) = 
RSR(G, Oo-' ) ^x'"' ,p' ) ■ 

Proof. We show this by following several steps. 

(i) Since x ^ ^'^j then there exists a C {1, 2, ■ ■ ■ , n} such that x = ^7=iX2 with 
6i = 1 when i E W and (5j = otherwise. 

(ii) Let 1/ =1 14^ |. Let G §„ with (piW) = {1, 2, ■ ■ ■ , z/} and a' = ipacf)^^. Define a map 
if) from to (Sri)'^' by sending x to (pxcp'^ for any x G (Sn)'^- Let /3 be a bijective map 
from to by sending a = {gl\gl\ ■ ■ ■ .g^) to h = {gl'~"''\gl'~"''\- ■ ■ ,^2'"'"0- 
It is clear that (3 is an isomorphism of groups. Note I3{a) = (j) ■ a. 

(iii) It is clear that = X^"'^ G ■ Indeed, for any a = {gl\gl^, ■ ■ ■ , ^2") ^ 
see 

= X2(^72)"^+"^+-+"'' and 

Thus = 

(iv) p^/"^^ G (§„)^[j)\ In fact, it is sufficient to show that il)"^ is a group isomorphism 
from {^nf^^ to (§„)^. For any /i G (Sn)"^?? , we have = hi)[a) and /i ■ x^""^ = X^"'^ ■ 
Therefore ai)'^{h) = il)~^{h)a and for any a = (5'2^fi'2^ " " " ,92^) ^ ^ 

{r\h)-x){a) = 

— '^An"''f'~'^'•'^^^^^ °-^-'^(h){2) J'i'-^{h){n)\ 

— X li/2 ' i/2 5 ■ ■ ■ 5 i/2 / 

= X2(^2)'^"'*"'''''''>'^'^''"'^"'^''><'>'^""'''^"'''*"'^''>'"'- 

Considering ip~^{h){i) = (f)~^h(f){i) G when i E W since /i G (5'„,)^(^) = x §|y_|_i ... 
we have ip~^{h) ■ x = X- 

(v) (3®ip is a group isomorphism from A" x (§n)^ to A'^'^"''' x In fact, since ip{h)- 
(3{a) = (3{h ■ a) for any h G (Sn)^, a G we have that /? ® is a group homomorphism. 

(vi) 0^{„)^p^~i{P <^ ip) = O^^p. This follows from Lemma [3731 

Consequently, RSR(G, C^, ^ RSR(G, C,,., ^^m^) by |ZZWCl Lemma 1.8] and 
|ZCZl Theorem 4], where p' = pip~^- □ 
By lemma above, we only consider A'^ from now on. 
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Lemma 3.6. Let G = A x and a G §„. If IiSIi{G,0„,6^(v) p) is matched, then 
RSR{G,0(^,9^{,.) p) is —1-type if and only if distinguished element ^t,a of RSR{G,Oa^, 
6^(f)^p) is an integer and the order of a is even. 

Proof. RSR(G', O^, O^M p) is — 1-type if and only if so is RSR((S„)^(^), Oa, p) by Propo- 
sition Ol If a G S,., then p = p' ® p" with p' G and p" G Si^Zk^,™}- By Lemma [Hill 
RSR((§„)^(i.) , Oa, p) is —1-type if and only if RSR(§,y, Oa,p') is —1-type. It follows from 
Proposition 12. 51 that RSR(G', 0^{^) p) is —1-type if and only if the distinguished element 
^t,cr of RSR(S,^, Oo-, p') is an integer and the order of a is even. 

If cr G then p = p' ® p" with p' G Sj, and p" G „}• By Lemma [1.121 

RSR((S„)^(^), Of,, p) is —1-type if and only if RSR(§{y+i^... p") is —1-type. It follows 

from Proposition 12.51 that R'&R{G , O „ , 6 p) is —1-type if and only if the distinguished 
element ^t.o- of RSR(§{,^+i^... O^, p") is an integer and the order of a is even. □ 

The proof of Theorem [21 We only show this under the case of a G Sj^ since the other 
is similar. By Proposition 12.81 and Lemma [321 ^(C*^) ^x'^'.p) "I'^YP^ under the cases 
in Theorem [21 See 

RSR(§^,C^,p') < RSR((§„)^M,C^,p'® p") (by Lemma [mKm)) 
< RSR(G,0^,^^M^^) (by Proposition im^m)), 

which implies RSR(§^, O^, p') < RSR(G', O^, 9^(.)^p). By Proposition[Ill(iii), dim<B(§^, C^, 
p) < oo. Applying |AFZl Theorem 1] we complete the proof □ 

Proposition 3.7. Let G = A x S„ with cr G Then (S„)'^(^) = {^nY if md only if 
Yj C {1, 2, ■ ■ ■ , z/} orYj C {z/ -|- 1, z/ -|- 2, ■ ■ ■ , ra} for 1 < j < n, where Yj is the same as 
in the begin of Section [B 

Proof. If y^- C {1, 2, ■ ■ ■ , z/}, then Aij, Bhj G S{i,2,-.. ,u} for 1 < / < and 1 < /i < A^- - 
1, where Aij, Bhj are the same as in the begin of Section [2 Ify^C{z/-|-l,z/-|-2,---,n}, 
then Aij,Bhj G §{y+i_i,+2,... ,n} for 1 < / < Xj and 1 < h < \j — 1. Consequently, 

(§j^(.) = (s^r 

Conversely, assume (S„)'^(^) = (SnY ■ If there exists I < j < n such that Yj ^ 
{1, 2, ■ ■ ■ , z/} and Yj ^ {^^+1, z/+2, ■ ■ ■ , n}, then there exist a,b ^Yj with a G {1, 2, ■ ■ ■ , z/} 
and 6 G {z/ + 1, z/ -|- 2, ■ ■ ■ , n}. Note Yj = {yg \ s = Vj + 1, ■ ■ ■ , rj^i}. 

If there exists / such that a,b e {l/r,+(«-i)j+i, yrj+(i-i)j+2, ■ ■ , yr,+ij}, then 
Aij ^ (§„)'^(„), a contradiction. Thus there exist / 7^ /' such that a G and b G 
Ai^j. Let a = and b = yrj+{i'~i)j+s' ■ Considering Bh,j G (Sn)^(,.), we have 

yrj+{i'-i)j+s £ {I5 2, ■ ■ ■ , z/} which is a contradiction. □ 

3.2. Central quantum linear space. A central quantum linear space is a finite di- 
mensional Nichols algebra, which was introduced in [ZZWCl Def 2.12]. RSR(G, r, ~p ,u) 
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is said to be a central quantum linear type if it is quantum symmetric and of the non- 
essentially infinite type witli C C Z(G) for any C G K,r{G). In this case, ?B(G, r, ~p , u) is 
called a central quantum linear space over G. 
We give the other main result. 

Theorem 3. ?B(G,r, ~p ,u) is a central quantum linear space over classical Weyl group 
G if and only if C = {(5(3, ■ ■ ■ , 92)} ^ G, r = rcC, p^^ = 6*^(5) ^^g) := {Xc ® f^c) tJ^^lS^ 

G''^'^^ with Xc ^ ixl' ®X2' ®---®X2" \6['^ + 6i'U V6^n^ is odd] for any i e Ic{r,u). 

Proof. It is clear 0^(i) ^(i){{g2, ■ ■ ■ ,(72)) = X2(fi'2)''"^^^ '"^'"^^"^ id as in the proof of 
Lemma [2.11 (ii). Applying [ZZWCj Remark 3.16], we complete the proof. □ 
In other words we have 

Remark 3.8. Let G = A xi S„. Assume that a = {g2,g2,-'' -,92) G G and M = 
M(e)„,pW) © M(Ca,p(2)) © ... © M(0«,p('")) is a YD module over kG with p» = 
^ (,^) := (x'^^^) ©p«) Ig: e and odd Ui for i = 1,2,--- ,m. Then <B(M) is 
finite dimensional. 

3.3. Reducible Yetter-Drinfeld modules. and Or are said to be square-commutative 
if stst = tsts for any s G O^, t E Or- Obviously, O^ and Or are square-commutative if 
and only if sts G G* for any s G O^, t E Or if and only if sts G for any s G Oo-. 

Lemma 3.9. Let G = Ayi D. Let (a, a), (6, r) G G wzi/i a,b e A, a,T e D. If O^^^^ 
and are square-commutative then O^ and O^ are square-commutative. 

Proof. It is clear that (0,0")"^ = {a~^ ■ a~^,(T~^) and 

(3.2) (6,r)(a,a)(6,r)"i = {h{T ■ a){TaT-^ ■ h-^),TaT-^). 

For any x G O^ and y G (9^, by (13. 2p . there exist c, d G A such that (c, x) G ^faa) 

{d, y) G . Since (c, a;) (rf, (c, x) (rf, y) = {d, y) (c, x) {d, y) (c, x) , we have xyxy = yxyx, 

i.e. Oj^ and (9^ are square-commutative. □ 

Lemma 3.10. Let 1 7^ cr, 1 7^ r G §„ with G = S„ and n > 2. If O^ and Or are 

square- commutative, then one of the following conditions holds. 

(i) n = 3, a = a = 0(i23) or a = 0(i2) on^^ a = 0(i23). 

(ii) n = A, Oa = Or = C'(i2)(34) or 0„ = C(i2)(34) and Or = 0(i234) or 0„ = 0{i2) and 

Or = C'(12)(34) ■ 

(iii) n = 2k with k>2, 0„ = 0(i2) and Or = C(i2)(34)-(n.-i «.)■ 

Proof. We show this by following several steps. Assume that 1^^2^'^ ■ ■ ■ n''^" and 
lK2'^''2 ■ ■ ■ n^'" are the types of a and r, respectively; O^^ and Or are square-commutative, 
(i) Let n = 3. Obviously, 0(i2) and 0(i2) are not square-commutative. Then Oa = 

Or = 0(123) or a = 0(12) and Or = 0(123). 
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(ii) Let n = 4. The types of a and r are 2^; A^; 1^3^; 1^2^, respectively. 

(a) . C(i2){34) and (9(i23) are not square-commutative since (12) (34) (123) (12) (34) = 
(214), which imphes (12) (34) (123) (12) (34) ^ G'^^^s)^ 

(b) . C(i234) and C(i234) are not square-commutative since ((1234)(4231))^ and 
((4231) (1234)) 2 maps 1 to 1 and 2, respectively. 

(c) . C(i234) and C(i23) are not square-commutative since (1234) (123) (1234) maps 1 to 

4. 

(d) . C(i234) and C(i2) are not square-commutative since (1234) (12) (1234) maps 2 to 4. 

(e) . C(i23) and C(i23) are not square-commutative since (134) (123) (134) maps 2 to 4. 

(f) . 0(i23) and C(i2) are not square-commutative since (14) (123) (14) = (423). 

(g) . 0{i2) and C(i2) are not square-commutative since (14) (12) (14) = (42). 

(iii) If (T = (12 • • - r) with n > 4, then r = n or Oq. = 0{i2) and Or = C^(i2)(34)---(n-i n) 
with n = 2k > 2. In fact, obviously, is a cycle group generated by (12 ■ ■ - r). 

(a) . If A3 7^ and n — r > 1, set t = (■ ■ • , r, r + 1, r + 2 • • ■)ti, an independent 
decomposition of t G Or- Sec tat{r) = r + 2, which implies tat ^ C^. 

(b) . If A3 7^ and n — r = 1. Set t = (l,r, r + l)ti, an independent decomposition of 
t e O^. See t(Tt(r + 1) = t{2) < r + 1 since r 7^ 2, which imphes tat ^ G". 

(c) . If there exists j > 3 such that A^- 7^ with n > r > 2, set t = (■ ■ ■ ,r — 2,r — 
1, r, r + 1, ■ ■ ■ )ti, an independent decomposition of t e Or- See tat{r — 2) = r -|- 1, which 
implies tat ^ C^. 

(d) . If there exists j > 3 such that A^- 7^ with r = 2, set i = (123 • • • )ii, an independent 
decomposition of i e Or- See tat{2) — 4, which implies tat ^ G'^. 

(e) . If the type of T is l'*'i2^ with n > r, set i = (r r-M) e O,-. See icri = (1 • ■■rr+1) ^ 

(f) . If the type of r is 1^12-^2 with n > r > 2 and A2 > 1, set t = (r r l)(12)ti, an 
independent decomposition of t E Or- See tat = (2 1 ■ ■ ■ r + 1) ^ C^. 

(g) . If the type of r is l^'i2^2 with r = 2, A'2 > 1 and A'^ ^ 0, set t = (l)(23)ii, an 
independent decomposition of t G Or- See tat = (13) ^ G"^- 

From now on assume that both a and r arc not cycles. 

(iv) If n > 4 and a = (1, 2, ■ ■ ■ ,n) is a cycle, then it is a contradiction. 

(a) . If A2 7^ 0, set t = (1, n)(2, 3, ■ • • )ti, an independent decomposition of t G Or- See 
tcTta(l) = t(4) 7^ 1 and (7tcTt(l) = 1. 

(b) . If A3 7^ 0, set t — (123)ti, an independent decomposition of t G Or- See tata{l) = 
t{A) and atat{l) = 2, which implies that tat ^ G" since t(4) > 3. 

(c) . If A4 7^ 0, set t — (1234)ti, an independent decomposition of f G Or- See 
tata{l) — 1 and atat{l) — 5, which imphes tat ^ G'^ - 

(d) . If n > 5 and there exists j > 4 such that A^- 7^ 0, set t — (12346 ••• )ii, an 
independent decomposition of t G Or- See atat{l) — 5 and tata{l) — 6, which implies 
that tat ^ G"- 
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(e). If n = 5 and there exists j > 4 such that A^- 7^ 0, set t = (13254) G Or- See 
atat{l) = 2 and tata{l) = 3, which imphes that tat ^ G^. 

(v) If n > 4 and there exists r > 1 such that > 1, then n = XrV. Let a = 
(1, 2, ■ ■ ■ , r)(r + 1, ■ ■ ■ , 2r) ■ ■ ■ ((A^ — l)r + 1, ■ ■ ■ , Xrr)ai, an independent decomposition 
of a. Assume n > A^r. 

(a) If r > 2 and A^ = for any j > 2, set t = (1, n){2, 3)ti, an independent decomposi- 
tion of t G Or- See tat = [n, 3, 03, ■ ■ ■ , a^) ■ ■ ■ , which imphes that tat ^ G"". 

(b) . If r = 2 and X'j = for any j > 2, set t = {l,n){2,3)ti, an independent de- 
composition of t G Or- See tat = (n, 3)(2, t(4)) • ■ - , which implies that tat ^ G"^ since 
t(4) > 2. 

(c) . If there exists j > 2 such that A^^ 7^ 0, set t = (1, ai, ■ ■ ■ , a^, A^-r, Arr + 1)(2, 3, ■ ■ ■ )ti, 
an independent decomposition of t G Or- See tat{Xrr + 1) = ta{l) = 3, which implies 
that tat ^ G". 

(vi) If n > 4 and A^ < 1 for any r > 1, then this is a contradiction. Assume that there 
exist r and r' such that Xr' 7^ and A^. 7^ with 2 < r' < r. Let a = (12 ■ ■ ■ r) (r + 1 ■ ■ ■ r + 
r')ai be an independent decomposition of a- 

(a) . If A^ = for any i > 2, set t = (1 n)(23)ti, an independent decomposition of 
t G Or- See tcrt = (n 3 ■■■)■•■ , which implies that tat ^ C^. 

(b) . If r > 3 and there exists j > 2 such that A^- 7^ 0, set t = (l,ai, ■ ■ ■ , a^, r, r + 
1)(2, 3, ■ ■ ■ )ti, an independent decomposition of t G Or- See tat{r + 1) = 3, which implies 
that tat ^ G"- 

(c) . If r = 3 and there exists j > 2 such that A^- 7^ 0, set t = (123 • • ■ )(34 ■ ■ ■ )ti, an 
independent decomposition of t & Or- See tat{l) = 4, which implies that tat ^ G'^ - 

(vii) If n > 4 and the types of a and r are r'^'', then it is a contradiction. Let 
a = (12- ■■r)(r + 1 • ■ ■ 2r) ■ ■ ■ . Set t = (r + 1,2,-- - ,r)(l,r + 2, ■ ■ ■ ,2r)ti, an inde- 

{5 wliGii — 3 
and atat{l) = 
5 when r > 4 

2 when — 2 

. When r = 4, set t = (4231)ti, an independent decomposition of 

r + 5 when r > 4 

t^G C^. atcrt(l) = 1 and tata{l) = 2. When r = 2, set t = (14)(25)(36)ti, an independent 
decomposition of t G Or- See atat{l) = 5 and tata{l) = 3. Then atat 7^ tata- □ 
In fact, Oo- and Or in cases of Lemma [3.101 (i) (ii) are square- commutative . 



Lemma 3.11. Let G = A Sn with A C (C2)". Then 

(i) n = 3, 0(a,(i23)) o^^^ C^(fe,{i23)) o'^c noi square- commutative. 

(ii) n = 3, 0(a,{i2)) C'(fe,(i23)) o'^e not square- commutative. 

(iii) n = 4, 0(a,(i2)(34)) O'lT'd C^(b,(i234)) O'l"^ not square- commutative. 

(iv) n = 2k with k > 1, C(a,(i2)) o,nd C(6,(i2)(34)) are not square-commutative. 
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(v) If n = A, then C(a,(i2)(34)) Ojud 0(6,(i2)(34)) are square- commutative if and only if the 
signs of (a, (12) (34)) and {b, (12) (34)). 

Proof. For any (d, /i) G G = A x §„, let (c, /icr/i~-^) := {d, fi){a,a)(d, i.e. c = 
d{fi ■ a){fiafi~^ ■ d). It is clear that ((c, fiafi~^){b, r))^ = ((6, r)(c, jiaii^^)Y if and only if 

(3.3) d{iJ, ■ a)(fiaiJ,^^ ■ d){fian^^ ■ b)(fiajj,^^T ■ d) 

{fiafi^^Tfi ■ a){iia fi^^T fia fi^^ ■ d){iiafi~^Tjiafi^^ ■ b) 

= b{T ■ d){Tjj, ■ a){Tjiajj,^^ • d){Tjj,ajjr^ ■ b){rfio-^^^T ■ d) 
{rfiafi^^Tfi ■ a){Tjiaii^^Tiiaii~^ ■ d), 

which is equivalent to 

(3.4) d^fiafi^^ ■ d)(jicrfi^^T ■ d) (jj,o- fx^^r fxa fj.^^ ■ d){T ■ d) (r fj.a fj.^'^ ■ d){Tfiafx^^T ■ d) 
(Tjjafi^^Tfiajj^'^ ■ d) = h 

with h := {fi-a){fiafi~^-b){ficrfi'^Tfi-a){fiafi''^Tfiafi~^-b)b{T^-a){Tfi(jfi~^-b){Tfiafi~^T^-a). 

We only need to show that there exists {d, fi) E G such that (13.41) does not hold in the 
four cases above, respectively. Let d = {g2^,g2^, ■ ■ ■ , (72") ^"^Y d & A. 

(i) Let a = (123) = t = fi and n = 3. i \3A\\ becomes d{a ■ d) = h, which implies 
di + d^ = hi (mod 2). This is a contradiction since d has not this restriction. 

(ii) Let T = (123), a = (12) = /i and n = 3. ([33D becomes (r-^ ■ d)((32) ■ rf)(r • rf)((13) • 
d) = h, which implies di + d2 = hi (mod 2). This is a contradiction since d has not this 
restriction. 

(iii) Let a = (12)(34), r = (1234), /i = (123) and n = 4. ([MD becomes ((13) • 
ci)((4321) • c/)((1234) • rf)((24) ■ d) = h, which implies + da + 4 + (^4 = h (mod 2). This 
is a contradiction since d has not this restriction. 

(iv) Let a = (12), A = (56)(78) ■ ■ ■ (n - 1 n), r = (12)(34)A, /i = (123) . becomes 

(3.5) d{{23) ■ c/)((1342)A ■ rf)((13)(24)A ■ rf)((12)(34)A ■ rf)((1243)A ■ t^)((14) ■ d) 
((14)(23)-d) = /i, 

which implies = hi (mod 2) for i = 1, ■ ■ ■ ,n. By simple computation, we have (/i • 
a)((1342)/i ■ a)((12)(34);u ■ a)((14)/i ■ a) ((23) ■ 6)((13)(24) ■ b) 6((1243) ■ b) = 1, which 
implies 03 + 04 = (mod 2). If {a, a) is a negative cycle, we construct a negative cycle 
(a', 0") such that 04 = does not hold as follows: Let = when i ^ 3,4, and 04 = 1, 
Og = 0. If (a, cr) is a positive cycle, we construct a positive cycle (a', o") such that a'^ = a'^ 
does not hold as follows: Let = when i 7^ 1,3,4, and a'^ = 1, a'^ = 0, a'^^ = 1. Since 
C^(a,cr) = C^(a',o-)5 we obtain a contradiction. 

(v) It is clear that C'(*i2){34) ^^'^ ^(*i2)(34) commutative. (13.41) becomes 1 = h. That 
is, (yU ■ a){fiafi^^o-fi ■ a){aji ■ a){fiafi^^fi ■ a) {fiafi^^ ■ b) (a ■ b)b {afiafi^^ ■ b) = 1. It is clear 
that cr{i), fj,a fj,~^ (i) , (l)(i) and fj,afj,~^a{i) are different each other for any fixed i with 
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1 < z < 4 when yucr/i ^ ^ o. Therefore, (13.41) holds for any (rf, /i) G A x if and only if 

ai + a2 + as + a4 = 6i + 62 + &3 + &4 (mod 2). □ 
We give the third main result: 

Theorem 4. Let G = A x §„ vjith A C (C2)" and n > 2. Assume that there exist 
different two pairs {u{Ci),ii)) and ('u(C2),«2)) with Ci,C2 G JCrfG), ii G Ici{r,u) and 
^2 G 102(1^^^) such that u{Ci), u{C2) ^ A. If dim^(G,r,~p ,u) < 00, then the following 
conditions hold: 

(i) n = 4. 

(ii) The type of u{C) is 2^ for any u{C) ^ A and C e fCr{G). 

(iii) The signs of u{C) and u{C') are the same for any u{C),u{C') ^ A and C,C' G 
}Cr{G). 

Proof. If dimQ3(G, r, 7?, m) < 00, then by [HSi Theorem 8.6], (^^(Ci) ^^^^ ^u(C2) 
square-commutative. Let (a, a) := u{Ci) and (6, r) := ^(6*2). It follows from Lemma [3^ 
that O^" and O^" are square-commutative. Considering Lemma I3.10[ we have one of the 
following conditions are satisfied 

(i) n = 3, 0^ = 0^ = Of;23) or = 0(i2) and = O^^^s)- 

(ii) n = 4, 0^ = (9^ = 0^;2)(34) or 0^ = 0(i234) and 0^ = Of^^^^g,). Considering 
Lemma [3.111 we complete the proof. □ 

In other words, we have 

Remark 3.12. Lei G = A x §„ with A C {C2T andn>2. Let M = M{Oa,,p^^^) © 
M{0^^,p^^^) ■ ■ ■ © M(C»^,„,p("*)) 6e a reducible YD modw/e over /cG. Assume that there 
exist i j such that ai, aj ^ A. //dim!B(M) < 00, then n = A, the type of ap is 2^ and 
the sign of ap is stable for any 1 < p < m with ap ^ A. 
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